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We assume that the coefficients in the three term recurrence relation for 
orthogonal polynomials form sequences of bounded variation and we show that the 
asymptotic behavior of the orthogonal polynomials on the essential spectrum is 
closely related to the asymptotic behavior in the complex plane (off the essential 
spectrum), proving a conjecture of Mate, Nevai and Totik [Consfr. Approx. 1 
(1985), 231-2481. 0 1988 Academic ~rcss, ~nc. 
I. INTRODUC~ON 
Let {P,,(X): n = 0, 1, 2,...} be a sequence of polynomials satisfying the 
three term recurrence relation 
XPn(X)=~n+lPn+l(X)+b”Pn(X)+~nPn-I(X) (1.1) 
with initial conditions P-~(X) = 0 and pO(x) = 1. We assume that the 
recurrence coefficients atisfy 
lim a, = l/2, lim b, = 0, (1.2) “‘02 “-+,X2 
f, (la,+,--a,l+Ib,+,-b,l)<co. (1.3) 
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It is well known that there exists a measure a such that 
and, by a result of Blumenthal [l], Condition (1.2) implies that 
[ -1, l] csupp(a) and supp(a)\[ - 1, l] is a bounded denumerable set 
whose only possible points of accumulation are 1 and - 1. The infinite 
Jacobi matrix defined by the recurrence coefficients a,, and 6, is a linear 
operator in e,. The interval [ - 1, l] is referred to as the essential spectrum 
while the points in supp(a)\[ - 1, l] are the eigenvalues of the Jacobi 
matrix (Kato [2, pp. 243, 5181). Mate and Nevai [3] have shown that 
(1.3) implies that a is absolutely continuous in ( - 1, 1) and that a’(x) > 0 
for - 1 <x < 1. Mate, Nevai and Totik [4] have studied the asymptotic 
behavior of the orthogonal polynomials. In order to state their results we 
need to introduce some notation. Let 
p(z) = z + Jzi, (1.4) 
where the square root is such that Ip( > 1 when z E C\[ - 1, 11. Then p 
is analytic in C\[ - 1, 11. For XE (- 1, 1) we define p(x) by 
P(X) = .t:+ P(X + iY) 
so that Ip( = 1 and 0 < arg p(x) < 71 for - 1 <x < 1. Next we let ti,, and 
t2,n be the zeros of a, + 1 t2 + (b, - z) t + a,, more precisely 
The main results of Mate, Nevai and Totik can then be summarized in: 
THEOREM 1. (a) Let K1 be a compact set in C\[ -1, 11, then there 
exists afunction g, in @\[ - 1, l] such that gl(z) nc= 1 t,,, is analytic in K, 
for N large enough, gl(z) = 0 if and only if z E supp(a)\[ - 1, 11, and 
P,(Z) gl(z) 
L!! lJg!l t,,,=2&q 
holds uniformly for z E K,. 
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(b) Let K, be a compact set in (- 1, l), then there exists a non- 
vanishing continuous function g, in ( - 1, 1) such that 
x sin ,cl arg h,k + arg &b()] = o 
holds uniformly for x E K2. 
MS, Nevai and Totik [4] have conjectured that the functions g, and 
g, are closely related, namely 
y ljy+ gl(x + iv) = g2(x), XE(-1,l). (1.5) 
We will present two proofs of this conjecture. 
II. FIRST PROOF 
We introduce the functions 
4”(Z) = P,(Z) - tz,, Pn - ,(z), n = 0, 1, 2, . . . . 
It is shown in [3,4] that they satisfy 
A+ 1(z) - tLnhz(z) = (tz,, - tz,n+ 1) P*(Z)* 
From this one can investigate the ratio 4, + Jq5,, .
(2.1) 
(2.2) 
LEMMA 1. Let E, = la,,, -a,,/ + Ib,+l -b,( and K, = {z E C: 
O<Imz<l, (Rez(<&} whereO<c<l, then 
A + 1(z) --tl,n(z)=~(~,+-%I+l) d”(Z) 
holds unzformly on K, and consequently 
(2.3) 
lim ?!!L!.@=p(z) 
n-m AZ(z) 
uniformly on K,. 
(2.4) 
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Proof: From (2.2) we derive 
h2+ 1(z) P,(Z) -- t&) = (tz,,- f&n+ LJ - 
4&) A(z) 
and from Eq. (14) in [4] we borrow 
Ifi,n-fi,n+II =O(%+~n+l) (i= 1,2) 
uniformly in K,. Clearly 
Pn(Z)-%+ll Pn-l(Z) -’ 
{- 
%+ltln 
h(z) an l,” an ’ -p,(z) ’ 1 
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P-5) 
(2.6) 
(2.7) 
where we have used (2.1) and t<j = (a,, ,/a,) t,,,. We can decompose the 
ratio pn _ I(z)/p,(z) into partial fractions, 
Pn- lb) -$*, 
P,(Z) j=l 
where {xj,n} are the zeros of p,, and {ai,“} are positive real numbers (SzegG 
[6,p.47]). Letz=x+iywhere Ixl<.sandO<y<l, then 
Im pn - Ax + iY) 
p,(x+iy) = - ,J (x-x,;)2+y2uj~~Go 
(actually this is a general result that holds for every Stieltjes transform of a 
positive measure) hence 
%I+, -t, n Pn-l(Z) -- 
% ’ P”(Z) II i 
2 Im an+1 - ,In-Pn-l(X+iy) 
44 ’ PAX + iY) II 
2% Im tl,, 
48 
and if we use this inequality in (2.7) we obtain 
P”(Z) 1-I It, nl $&(Z) <Im= O(l) 
uniformly in K,. Together with (1.3) and (2.6) this proves the desired 
result. 1 
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It is well known (Nevai [S]) that (1.2) implies 
Pn+ 1(z) 
YE0 p,(z) = 
p(z) 
holds uniformly on every compact set in @\supp(a). This ratio of 
orthogonal polynomials does not converge on [ - 1, 1 J since the zeros of 
the orthogonal polynomials are dense in [ - 1, l] so that p, has oscillatory 
behavior on the essential spectrum. The main advantage of using the 
functions 4, is that the ratio #,,+ ,/I$” can be handled on ( - 1,l). 
Introduce the functions 
tin(z) = i,(z) - tz.n- ,A- 1(z), 
Their asymptotic behavior is given by: 
n = 1, 2, . . . . (2.8) 
LEMMA 2. There exists a continuous function G on K, such that 
*n+ I(Z) 
n5zo n;= 1 tl& = G(z) 
holds uniformly on K,. 
Proof. From (2.8) one immediately finds 
till+ 1(z) &z(z) (G&l+ 1(zM,(z)) - 12,” 
tLn~n(z) = t,,nL 1(z) (A(zv4”- 1(z)) - f*,n- 1’ 
Using Lemma 1 gives 
4n+l(Z) t 
- - 
&I(z) 
2,n = O(Gl + &+ 1) + (tl,n - t2,n) 
and 
4”(Z) 
fl,nh- l(Z) 
= 1 + O(E”- I+ E,) 
and in combining (2.9)-(2.11) together with (2.6) we obtain 
*“+l(z) 
t,,, It/“(Z) 
=l+O(E,+*+E,+E,-1). 
Use (1.3) to conclude that 
(2.9) 
(2.11) 
#II+ l(Z) 
l-E=, tl,k~l(z) 
= fi tik+,(Z) 
k= 1 tl*ktik(z) 
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converges uniformly on K, as n tends to infinity. This proves the lemma 
since every function on the left hand side is continuous in K,. [ 
From Lemma 1 it follows that 
*,+ l(Z) 
nEc $&(Z) -=p(z)--&2~~ 
uniformly on K,, so that Lemma 2 implies 
where g(z) = p(z) G(z)/(2 dm is continuous in K,. If we take a com- 
pact set K, in K,\[ -E, E] then on K, 
lim pn(z) - P(Z) 
n-as 4"(Z) 2&c 
so that on K, 
Compare this with (a) in Theorem 1, then it follows that the function g, in 
Theorem 1 coincides with g in K,\[ -E, E]. On the other hand we have on 
C--E, &I 
+dl) 
and since p,(x) and p,- 1(x) are real and [p(x)1 = 1 on [ -8, E] this gives 
n-1 
-(Irn f2,n)Pn-l(X)= Idx)l n h,ki 
k=l 
n-1 
x sin 1 arg tl,k+arg&) 
k=l 
from which one easily obtains 
F-t &hn(x)- Idx)l fi It,,,1 
k=l 
x sin f arg hk + ari% dx) = 0. 
k=l 
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Comparison with statement (b) of Theorem 1 shows that the function g, in 
Theorem 1 coincides with g on C-E, E]. Since g is continuous in K, it then 
follows that (1.5) is true, which provides the conjecture of Mate, Nevai and 
Totik. 
III. SECOND PROOF 
We will use some techniques from scattering theory. The three term 
recurrence relation (1.1) can be written as 
P&+,(x)+- ak Pk-1(X)-(tl,k+t2,k)Pk(X)=0. 
ak+l 
(3.1) 
Introduce the discrete Green’s function G(k, m) as the solution of 
~G(k+1,m)+G(k-1,m)-(r,,k+,+l,,k)G(k,m)=6k,, (3.2) 
with G(k, m) = 0 (k > m). One can check that 
(3.3) 
since this array satisfies 
a*+1G(k+ l,m)--l,,,+, G(k,m)= - fi t,,j (3.4) 
ak+2 j=k+l 
from which (3.2) is easily derived (an empty product is always taken as 
one). This Green’s function is useful in studying the orthogonal 
polynomials, since if one multiplies (3.1) by G(k, m) and (3.2) by pk(x) and 
subtracts the obtained relations one gets 
PktX) bk,m = tf,,k - ll,k+ I)PktX) G& m) +PktX) GP- 1, m) 
-Pk+l(x) G(k, m)+- ak+2Pk(x) G(k+ 1, m) 
-eP,- l(x) G(k m). 
Summing from k= 0 to k =m gives after some straightforward 
manipulations 
m-1 
~m(x)=G(-Lm)+ 1 (fl.k-t,,k+l)Pk(X)G(k,m) 
k=O 
(3.5) 
ORTHOGONAL POLYNOMIAL ASYMPTOTIC3 227 
which is a discrete integral equation for (p,(x)}. Let us first obtain a 
bound for the Green’s function. 
LEMMA 3. Define &k, m)= (nyzkt;!) G(k, m), and ussume that (1.2) 
holds, then for every compact set K in @\{ - 1, l} there exist constants C 
and D (depending on K) such that 
l@k, m)l <Cexp {D 5 q}. 
i=k 
(3.6) 
Proof. From (3.4) we obtain 
z{i;(k+l,m)-t;k+,t,,,i;(k,m)j= -1 (3.7) 
so that 
Thus one finds 
akd(k, m)-*G(k+ 1,m) 
ak+l ak+2 
= t2.k fl,k+2 -21;; &k+ l,m) 
+ t2,k 
t l,k+l 
zd(k+l,m)-- zd(k+2,m) 
Iteration of this last equation gives 
m-1 
+ 1 t2,j-l tl.i+l -_If?_tgel R(k, i) e(i,m), 
i=k+l i ai+ 1 
where R(k, m) = ny!-j$ 1 t 2,,- l /tl,j. From (3.7) one also obtains 
(3.8) 
ak ak+l tl k ---A 
ak+l ak+2 t2,k+l 
&k, m) = -1 + -% &k, m) -ak+l &(k + 1, m) 
ak+l ak+2 
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and inserting (3.8) gives 
ak ak+l tl k 1 ---A 
ak+l ak+2 f2,k+l 
&k,m)= -1++ 
m t1.e I t,,?n 
W, ml 
ak ak+l --- 
ak+l ak+2 
t 1.k 
t 2,k+ 1 
e(k, m) = f 
j=O 
where 
g,(k, m)= -1 +a,_, 
a, 
t -’ t Rk ml 
1,m 1 1,m 
m-1 
gj(k mb C t2,i- 1 
tl,i+. I- hh+ I) t;!- 1 
i=k+l (ah+ 1) - (ai+ Jai+2)(tl,i/t2,i+ 1) 
x R(k, i) gj- ,(i, m). 
Since {a,} is a bounded sequence and 1 t,,,/t,, jJ < 1 there exists a constant 
C, such that Ig,(k, m)l < C,. By standard iterative manipulations one 
therefore obtains 
ak -_-- 
@k+l 
ItI i+l-(ai/ai+,)tF!-,I 
I(ai/ai+;)-(ai+I/ai+2)(‘l,i/t2.i+I)I 
Let K be a compact set in @\{ - 1, 1). Since 
cl-p2 
and K is a positive distance away from 1 and - 1, there exists a constant 
C2 and an integer k, such that 
1 
I(ak/ak+l)-(ak+I/ak+2)(fl,k/t2,k+l)l “’ 
holds on K for k > k, (the denominator of the left hand side may be 
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zero for a finite number of k). The bound (3.6) then follows for k 2 kO by 
observing that 
ll,i, 
ai 
1 -- t-? 
ai+l 
2,1- 1) = O(Ej+ 1+ Ei + Ej_ 1) 
which can be deduced from (2.6). By the recurrence relation (3.2) one 
easily finds that (3.6) is also valid for k,- 1 and by induction for every k 
such that -l<k<k,. 1 
The bound on the Green’s function can be used to obtain a bound on 
the orthogonal polynomials. 
LEMMA 4. Define $,Jx) = (ny= 1 tc/) p,(x), and assume that (1.2) and 
(1.3) hold, then for every compact set K in C\( - 1, 1 } there exist constants 
A and B such that 
I~m(x)I d A exp {B ? Q} . 
k=l 
(3.10) 
Proof: From (3.5.) we obtain 
m-1 
fim(X)=e(-l,m)+ c tl,k(tL,k-tl.k+I)Bk(X)e(k,rn). 
k=O 
Write 
Pm(x)= f wdm), 
i=O 
where 
w,(m) = 6( - 1, m) 
m-1 
wi(m) = 1 fl,k(tl,k- tl,k+ 1) 66% m) Wi- ,(k), 
k=O 
then from Lemma 3 we find a constant A such that 
By induction (iteration) we find 
and the result follows from (2.6). 1 
640/55/2-S 
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Next we will show that the functions {d,(z) > converge as n tends to 
infinity. 
LEMMA 5. There exists a function g in C\ { - 1, 1 } such that 
uniformly in every compact set KC C\{ - 1, 11. 
Proof. Let I,(z) = (n;zJ t<!) dn(z) then from (2.2) we find 
~,+1(Z)-~n(z)=(f*,n-f2,n+I)~n(Z) 
which gives 
n-1 
dn(Z)-Em(Z>= C Ct2,r- t2,i+ I)ditz). 
i=Pl 
Use the bound (3.10) to find 
l~.~~~-6~~~~l~~~~~{~~~~~*j~~‘If2,i-t*.i+~I 
i=m 
=o fEi. 
( > i=m 
By (1.3) it follows that {+n} . IS a Cauchy sequence in every compact set 
Kc C\{ - 1, 11, from which the result follows. 1 
Every function d,(z) is continuous in a compact set of the upper half 
plane { Im z > O}. This means that the function g is continuous in every 
compact set Kc { Im z 2 0 I\ { - 1,l) and we can repeat the reasoning in 
Section II to prove the conjecture (1.5) of Mate, Nevai, and Totik. 
IV. CONCLUDING REMARKS 
The asymptotic behavior of the orthogonal polynomials under Con- 
ditions (1.2) and (1.3) gives much information about the measure a and the 
weight function cl’(x) on (- 1, 1). Mate and Nevai [3 J have shown that for 
XE(-1,l) 
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Their analysis involved the investigation of the orthogonal polynomials on 
( - 1,l) which is a difficult task since the zeros of the orthogonal 
polynomials are dense in [ - 1, 11. It is easier to investigate the 
polynomials in C\[ - 1, 1 ] and by the result above this still gives all the 
information needed to find a’(x). One only fixed the real part of z at 
x E (- 1, 1) and then lets the (positive) imaginary part of z tend to zero to 
find g(x), giving the weight function. 
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